The problem of determining the tunnel trajectory together with an optimal control policy of a train in subway systems is addressed in this paper. The cost function chosen in this study is the total energy consumed by a train in a round trip. Several constraints such as maximum velocity, maximum slopes, maximum acceleration, maximum electrical force and so on, as well as a relatively simple model of the train are considered. The solution is obtained by using the Gradient-Restoration method developed by Angelo Miele et al. An application considering the kind of trains existing in the Santiago subway is presented and the results are compared with the existing tunnel pro"le from an energy consumption viewpoint. Important energy savings are obtained due to di!erences in proposed and existing tunnels, assuming that in both cases the operation policy is the same (optimal for a given tunnel).
INTRODUCTION
Energy consumption in underground systems is quite signi"cant and represents an important part of the overall cost operation of electric railway systems. Thus, any attempt to improve operation e$ciency will result in important energy savings. The latter can be accomplished in two di!erent ways. Designing an optimal control policy (from an energy viewpoint) to operate trains under certain conditions and for a given tunnel trajectory will result in an energy saving. This type of solution is appropriate for existing underground systems which are not properly operated. Several results on this subject have been reported in the literature.
} All of them attempt to optimize the operation of existing systems, that is to say systems with a given track. Adaptive control techniques have also been explored to face this type of problem. There is another approach which consists in designing the tunnel trajectories simultaneously with generating an optimal operation policy for trains. This kind of design can only be applied to proposed systems since the cost of modifying actual tunnel trajectories could be prohibitive. To the knowledge of the authors, there are no theoretical results regarding this approach. Hoang and Duarte use an heuristic approach to determine suboptimal tunnel trajectories.
In this paper the problem of computing optimal tracks as well as drawing up a minimum energy policy for electric railways is addressed using numerical techniques rather than an heuristic approach. The problem can be considered as a double optimization with respect to control policy as well as train track.
No electric regeneration is considered during braking periods so that optimization is performed from the starting point until the point at which the train starts braking.
A second-order, non-linear model is considered in the study together with several operational constraints. Particular values of parameters and special considerations regarding the type of rolling material and topology of Line No 1 (Escuela Militar*San Pablo) of the Santiago subway are used in the application shown in this paper.
TRAIN MODELLING
In this section, the equations describing the motion of the train are presented. The main simpli"catory hypotheses are brie#y stated to justify the rather simple train model utilized in this study. As a consequence, a non-linear, lumped-parameter dynamical model is obtained. Since the problem constraints treated in the next section are better expressed in term of the horizontal displacement &¸' rather than time &t', we will state the model equations in terms of &¸' as independent variable, eventhough the resulting equations are more complex than those obtained using the time as independent variable.
In what follows, it has been assumed that tunnel trajectory lies on the equivalent vertical plane as shown in Figure 1 . This simpli"cation allows to analyse the problem in two rather than three dimensions. Thus, train position is completely de"ned at every instant of time by horizontal displacement (distance)¸(t) and vertical displacement (height) h(t).
From physical considerations we can write the following equations describing the train movement:
The subindex &a' denotes the variable when the train is travelling from stations A to B, measured from station A, whereas the subindex &b' denotes the variable when train travels from stations B to A, measured from station B (see Figure 2) . A distinction between these two sets of variables has to be made since our aim will be to minimize the round trip energy consumption (from stations A to B and from stations B to A) and therefore we have to consider both cases in a di!erent way. The variables are de"ned as follows: Figure 2 where train is represented by a mass &m' at position (¸, h(¸)) at certain instant of time.
In the set of equations (1) amongst others, the following simpli"cations have been introduced.
(i) The train velocity is such that friction e!ects proportional to velocity are negligible. (ii) The slope angle of track is small so that tg( )+ , sin( )+ and cos( )+1 is veri"ed. (iii) Train mass &M' is assumed to be concentrated and the concept of e!ective mass &m' rather than the actual mass of train is used to include inertial e!ects and train length. This e!ective mass is assumed to be constant. (iv) Parameters k , k and k are assumed to be constant.
However the simple resulting model contains the main ingredients of real process and it is representative of the physical situation.
PROBLEM CONSTRAINTS
This section is devoted to constraint analyses. These constraints are present in the actual operation of any subway. The numerical values chosen in this work correspond to the case of Santiago subway.
The constraints to be taken in to account are listed below and a brief explanation is given in each case.
Maximum velocity
Since traction motors can deliver only a nominal electric power to the mechanical system, the maximum mechanical force reachable from electric system is limited. This fact, together with the physical consideration that train velocity cannot be negative, gives rise to the constraint where < + (¸) denotes the maximum velocity at distance¸, and¸ is the point at which train starts braking (see Figure 2 ). In general, this maximum velocity is a function of¸to include speed limit zones. In this study we will choose < + "16 (m s\) constant along the whole trajectory.
Maximum and minimum acceleration
From passenger comfort viewpoint, acceleration is not allowed to exceed certain limits either during tractive period or during train braking. These limits depend upon the kind of wheels and type of track. This consideration is taken in to account as
where A + is the maximum value of acceleration (or deceleration) allowed during braking and traction periods and¸2 is the total horizontal distance between two stations (see Figure 2 ). In our study, since we are not considering the braking period, it can be shown that maximum deceleration due to only gravity and friction e!ects is !0)67 (m s\) and therefore the constraint is written as a(¸))A +¸3
[0,¸ ]. Taking into consideration that Santiago subway has rubber tires rolling on a special track the value A + was taken as 1)2 (m s\).
Maximum and minimum tractive force
As was already stated, propulsion system can only supply a certain maximum power. This fact in turn implies that the tractive force per unit of e!ective mass generated is constrained as follows:
where y + are the minimum and maximum forces delivered by the propulsion system, respectively.
Since in this case no electric regeneration is being considered "0 and only positive values of (¸) are allowed. From previous studies it can be shown that this constraint on (¸) is a passive constraint and therefore we will only consider
Maximum and minimum track+s slope
The range in which the track slope is allowed to lay is determined by technical considerations such as wheel slip, water drainage and safe parking at stations, amongst others. From this consideration we write the constraint
where + is the maximum allowed slope. In this work we consider that slope in station vicinity is given by . Then we can write
where¸ is chosen as half of the train length, which in the case of Santiago subway is¸ "70 m (see Figure 7 ). In this study "0)002 and "0)06 were considered. Equations (2)}(5) form the set of constraints to be considered in the solution of the problem. This set of constraints can be rewritten as
Boundary conditions
Besides the previous set of constraints, we shall consider the following boundary and initial conditions:
(1) t "0; initial time. (2) t "¹ ; "nal time given from tra$c considerations and ¹ "¹ 2 !¹ , where ¹ 2 is the total time between stations and ¹ is the braking time (time needed to bring train velocity to zero).
"nal velocity given from braking considerations. It is assumed that if train reaches¸ at time t with speed < $ there exists a suitable braking system to bring train velocity to zero. Since in this study regeneration phenomenon is not considered, braking system is of secondary importance.
where¸ is the braking distance (see Figure 2 ). This constraint arises since track joining stations A and B is unique.
PROBLEM STATEMENT
In this section we will clearly state the optimization problem including all the constraints mentioned in the above section and the criterion function.
As was previously indicated, our aim is to "nd an optimal control policy applied to the train as well as an optimal track, such that the energy consumption for a round trip between two consecutive stations is minimized. This problem can be seen as a double optimization problem. Let E(u, ) be the energy consumption for a round trip between two consecutive stations joined by a trajectory & ' and using a control policy &u'. The problem is to "nd u* and * such that E(u*, *)"E* is minimum, i.e.
The performance criterion in this case is de"ned as the energy consumption for a round trip from stations A to B and from stations B to A. This gives the following criterion function (7) where some constant terms depending upon "nal and initial conditions have been excluded. In order to take into account inequality constraints (6) auxiliary control variables (u
) and auxiliary state variables (y T (¸)) are introduced so that the following equality constraints are obtained:
The new state variable introduced is y T (¸) and the new control variables introduced are u
and u $ (¸). These variables have to be added to the original variables of the problem. These new equations have to be included twice to consider the case when train is travelling from stations A to B and also when it is travelling from stations B to A.
In summary, the following de"nition of state and control variables is used in the optimization problem:
State variables
Control variables 
The problem is now stated as to &Minimize cost function (7) subject to constraints (1) and (8) under initial, "nal and boundary conditions given in Section 3.5'.
METHOD OF SOLUTION
In this section a brief general explanation of the numerical method used to solve the problem stated in Section 4 is given. The method chosen to solve the optimization problem stated in the previous section is due to Miele et al.
}
and is called gradient-restoration method. This numerical optimization algorithm consists of two clearly distinguishable steps. The "rst step, called restoration phase (R), takes the so-called nominal functions and applies them to satisfy the (1) and (8) in our case). At the beginning (point A in Figure 3 ), the nominal functions are given (y G (¸) and u G (¸) in Figure 3 ) and at any intermediate point these are de"ned as those from the previous iteration. Restoration phase involves one or more iterations until a scalar performance index P, which measures the error in constraints conditions, is su$ciently small (in Figure 3 , three iterations are needed to bring the system from A to B and these are denoted by R , R and R ). As soon as this condition is satis"ed, the second step, called gradient phase (G), is started. It consists of one iteration and it is designed to decrease the value of the cost function (equation (7) in our case). This phase is characterized by a scalar performance index Q which measures the error in optimality conditions. In Figure 3 , "rst gradient phase brings the system from B to C and it is denoted by G . The method alternates restoration and gradient phases so that in one of these cycles (R#G) the functional I is decreased, while problem constraints are satis"ed to some pre-speci"ed accuracy. The algorithm is stopped whenever indexes P and Q are simultaneously su$ciently small.
A #ow diagram of the gradient restoration method is shown in Figure 4 . This algorithm was implemented in FORTRAN in an IBM 4361 computer. A block diagram of the main program and the corresponding subroutines is shown in Figure 5 .
Each subroutine performs the following tasks: Five car trains were used in the study whose composition is three tractive, one pilot and one trailer cars. For simulations, the interval of integration was divided into 50 steps and double precision arithmetic was used.
The energy consumption for actual and optimal tracks are shown in Table I . An average energy saving of 18% per train is reached if a whole round trip is considered. This energy saving is obtained comparing the actual Line No. 1 track pro"le using an optimal control policy generated by the computer program, versus the computationally obtained ideal track together with an optimal control policy, both generated by the computer program (solution of the double optimization problem.
A typical result between two pairs of station is shown in Figure 6 . Velocity and height as functions of horizontal distance &¸' are shown for both actual and ideal cases.
This case corresponds to La Moneda*Universidad de Chile stations (TR12) and has the following characteristics:¸2 
CONCLUSIONS
A general methodology to simultaneously generate optimal track as well as optimal control policy for electric railways has been proposed in the paper. This methodology can be used to study in a reliable fashion problems of the type presented here, either at the planning stages of a new metro line or optimizing the operation of existing metro lines. The methodology is Figure 6 . Typical result of optimization method (La Mondeda*U. de Chile). Velocity as a function of distance for actual and proposed trajectories su$ciently general to include modi"cations on the train model (e.g. to include electric regeneration during braking periods and other e!ects) as well as modi"cations on the numerical method employed to solve the optimization problem, in order to use more proper and e$cient numerical methods to solve speci"c parts of the algorithm. As a result of applying this methodology to the case of Line No 1 of Santiago subway, an average energy saving of 18% is obtained for each train traveling a round trip between extreme stations (about 25 km). Considering tra$c conditions of Line No 1 for years 1989 and 1990, it can be concluded that an energy saving of 4)5 GWh can be achieved yearly (About US$ 200)000 per year). From data obtained for later years, these savings are bigger since more trips have been scheduled for the trains and a larger number of trains have been used to satisfy passengers' demands.
In the analysis done in this work, the extra cost of building the optimal track has not been considered in the comparison of actual and proposed trajectories. To make the comparison fair enough, an exhaustive economic analysis which includes this factor should be done before considering the possibility of designing optimal tracks using this methodology.
